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Abstract 

We apply the theory of the radius of convergence of a p-adic connection [2] to the 
special case of the direct image of the constant connection via a finite morphism of 
compact p-adic curves, smooth in the sense of rigid geometry. We show that a trivial 
lower bound for that radius implies a global form, theorem 0.1, of Robert's p-adic Rolle 
theorem. The proof is based on a widely believed, although unpublished, result of 
simultaneous semistable reduction for finite morphisms of smooth p-adic curves. We 
deduce from it a useful description, theorem 0.8 and its corollary 0.11, of the Galois 
structure of etale coverings of smooth curves, which is new and of independent interest. 
We finally take this opportunity to clarify the relation between the notion of radius of 
convergence used in [2] and the more intrinsic one used by Kedlaya [19, Def. 9.4.7]. 
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A global p-adic Rolle theorem 

Let (k, | |) be a complete algebraically closed extension of (Q p , \ \ p ), with |p| p = p — and 
let k° be the ring of integers of k. We consider fc-analytic spaces in the sense of Berkovich. 
We want to illustrate our theory of the radius of convergence of a p-adic connection [2] , by 
deducing from it a conceptual proof of a global form of Robert's p-adic Rolle theorem [23, 
§2.4], [24, Prop. A. 20]. Our result is weaker than Robert's, but indicates a new approach 
to the problem and, in favorable global situations, offers a finer geometric understanding. 

Let ip : Y — > X be a morphism of smooth /c-analytic curves. If ip is etale at a k- 
valued point y € Y(k), then, as in the familiar complex case, ip induces an open embedding 
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ifiu : U X, of an open neighborhood U of y, in X. But, as is rather the case in algebraic 
geometry, this property may fail at a more general type of point y £ Y , even if ip is etale 
at y [14]. In general, the points at which ip is not a local open embedding form a closed 
subset TZ V C Y , called the Berkovich ramification locus. So, 1Z V n = Crit(i^), the set 

of critical points of ip, at which the map fails to be etale. We are interested in bounding 
from below the distance of 1Z V from a non-critical k- valued point y E Y(k), in the case of a 
finite morphism ip, as above, of compact curves. 

Our interest in this topic arose from reading Faber's papers [15] [16], where this question 
is answered, via explicit computations, for a non-constant rational function ip, viewed as 
a finite flat map ip : P — > P, of the /c-analytic projective line P to itself. The novelty in 
Faber's paper concerns the case of an open disk DcP, with D n Crit(<p) = 0, such that 
<p(D) = P, a case which cannot be deduced from the classical statement. We cannot prove 
either Robert's or Faber's result completely with our method. We prove instead 

Theorem 0.1. Let ip : Y — > X be a finite morphism of compact rig-smooth strictly k- 
analytic curves. Let B(ip) = <^(Crit(<^)) C X(k) be the classical branch locus of ip, and let 
Z(ip) = ip~ 1 {B{(p)) C Y(k) be the (saturation of the) classical ramification locus of ip. Let 
D C Y \ Z(ip) be any open disk equipped with a normalized coordinate T : D D(0, 1~). 
Then, for any open disk D' C D of T -radius < p~~ , ip induces an open embedding D' — > X . 
Moreover, if ip is residually separable at the boundary point ( of D in Y, then ip induces an 
open embedding D — V X of D itself. 

Remark 0.2. A k- analytic curve E is an open disk if it is isomorphic to the open analytic 
domain 

D(0,r~) = {xe A||T(x)| < r} , 

of the fc-analytic T-line A, for some r € K>o- The only isomorphism invariant of E is then 
the image of r in R >0 /|fc x |. We say that the open disk E is a strict, if r G |fc x |, i.e. if E 
is isomorphic to the standard unit open disk D(0, 1~). An open disk which is a relatively 
compact analytic domain in a fc-analytic curve X, is strict (resp. non strict) if and only if its 
boundary point in X is of type 2 (resp. 3). This topic will be clarified in [11]. In particular, 
the point £ <G Y at the boundary of D in the statement 0.1, is a point of type 2. We also 
use the notation 

D(0,r + ) = {xe A\\T(x)\ < r} , 
for the standard closed disk in A, and ao, r for its maximal point. 

Remark 0.3. Let £ = ip(() be as above. The map ip : Y — > X, £ £, induces an 

isometric embedding Jf(^) C hence a fc-linear embedding Jf(S,) C Then £ 

is a point of type 2, as well. The degree of inseparability [Jf?(() : J$?((;)]i, is a power of p, 
called the residual inseparability of ip at (. Then tp is residually separable at £ if its residual 
inseparability at £ is 1. In particular, if <p is tame at £ [4, 6.3], then it is residually separable 
at £. 

Remark 0.4. The T-radius of D' appearing in the theorem, will be called the relative 
radius of D' in D or the height of the semi-open annulus D\D'. It is an analytic invariant 
< h(D \ £>') < 1 of D \ D' as in [8, §2]. 

Remark 0.5. Let <p> : D(0, 1~) — > D(0, 1 _ ) be a morphism of the open unit fc-disk to itself, 
such that <p(Q) = 0, while <p(D(0, l - )) is not contained in D(0,p~), for any p < 1. Then <p 
is surjective. This follows from the elementary theory of Newton polygons. In fact, in the 
standard coordinate T, tp is represented by a power series (p(T) = ■> w i tn cii e k° , 

such that a r ^ for some r > 1, and inf^ ord^ = 0. So, for any a e D(0, 1 _ ), ord p a > 0, 
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the Newton polygon of <p(T) 



for some j > 0. See Fig. 1. 




Figure 1: The Newton polygon of p{T) — a 



Remark 0.6. The classical p-adic Rolle theorem states that if <p : D(0, 1 ) — > A is any 
etale morphism of the open unit disk to the fc-analytic affine line A, then the restriction 
of <p to any open disk of radius p~~ is an open embedding. Our result may be deduced 
from the classical one, as follows. We assume, with no loss of generality, that X and Y 
are connected. Suppose first that X is projective. If the genus of X is > 1, it follows from 
[3, 4.5.3] that <p(D) is contained in an open disk contained in X. So, the classical theorem 
applies. The case when X is the projective line and ip\ D is not surjective, is covered by the 
classical theorem, too. If <p(D) = X = P, then, ip being finite, the p-adic GAGA implies 
that Y is projective as well. But then the assumption on the branch locus is only verified if ip 
is an isomorphism, which contradicts <p(D) = P. Now, (cf. [12, 3.2]) a compact rig-smooth 
curve is either affinoid or projective. But we know [2, 1.2.5] that, if X is affinoid, then it 
is an affinoid domain in a connected projective curve C, formal with respect to a strictly 
semistable model £ of C. So, again, [3, 4.5.3] shows that the only case not covered by the 
classical theorem is when X = P and ip is surjective, which leads us back to the former 
discussion. 

Moreover, the classical theorem does not assume the existence of a compactification of 
the morphism as in our statement. 

Remark 0.7. The rational function p(T) = T " + T ~ p restricts to a surjective etale map 
D(0, 1~) — > P to which the classical theorem does not apply, but Faber's does. This is 
example 5.3 in [16]. Notice that £ Z(ip) \ Crit(^), so that our statement does not apply. 

Our proof is based on the most basic result on p-adic differential systems, namely the 
so-called trivial estimate for the radius of convergence of their solutions [13, p. 94], once a 
certain integrality result is established. We deduce this integrality statement from a result 
on simultaneous semistable reduction of fc-analytic curves, (3.4) below, due to Coleman 
[10] and improved by Liu [21] in the projective case. See also Temkin [26]. This result is 
apparently well-known to specialists, but, as far as we know, unpublished. 

We deduce from our integrality statement the following result, of independent general 
interest. 



- a has a side with negative slope —a, where 

ord„a — ord„a r+1 - 
a := - > , 

r + j 
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Theorem 0.8. Let ip : Y — > X be a finite morphism of connected compact rig-smooth strictly 
k-analytic curves and let D CY be a strict open disk such that <p(D) is not compact. Then 
<p(D) =: E is a strict open disk in X . Assume the induced covering (p~ 1 (E) — E is etale. 
Then ip~ 1 (E) — > E is Galois. In particular, 

<p-\E) = (j r A, 
^'t— 1 

with D — D\, a disjoint union of open disks isomorphic to D, such that the induced covering 
<Pi : Di — > E is Galois with group the stabilizer of Di . 

Remark 0.9. As we observed before, if tp(D) is compact, then ip(D) = X = P, and 
therefore, if ip is unramified, it is an isomorphism. 

Remark 0.10. We observed in remark 0.6 that if <p(D) is not compact, then it is contained 
in a strict open disk in X. From remark 0.5 it then follows that <p(D) = E is a strict open 
disk in X. 

We deduce from (0.8) the following remarkable consequence. 

Corollary 0.11. Any finite etale covering of an open disk by an open disk is Galois. 

Proof. Suppose <p : D(0, 1~) — > D(0, 1~) is a finite etale covering of degree d, such that 
f(0) = 0. It will suffice to prove that for any p 6 fc| n (0,1), the restriction of ip to 
tp p : tp~ 1 ((p(D(0, p~)) -> D(0,p~) is Galois. Let 

R(p) = sup{r 6 (0,l)| V (D(0,r-)) C D(0,p~)} . 

We have R{p) < 1, because ip(D(0, l - )) = D(0, 1~). Moreover, since ip(D(0, r~)) is an 
open disk in D(0, 1~), as we saw before, we have y>{cto t R( p ) ) — cto, P - In particular, ao,_R(p) 
is a point of type 2, so that R(p) e |fc| n (0,1) and <p(D(0, R(p)~) = D(0,p~). Let ip+ : 
ip^ 1 (ip(D(0 7 p + )) — > D(0, p + ) be the restriction of <p. This map, together with the inclusion 
D(0,R(p)-) C ip- 1 (ip(D(0,p+)) (c D(0, 1")), satisfies the assumptions of theorem 0.8. We 
conclude that <p p : (p^ 1 (ip(D(0, p~)) — > D(0,p~) is Galois. □ 

Although not strictly needed for the conclusion of our proof (a reference to either one 
of [2] or [19], independently, would suffice), we recall in the last section the main properties 
of the radius of convergence of a connection on a compact rig-smooth p-adic analytic curve 
X with poles at a finite subset Z c X(k) [2]. In that paper, we consider a (sufficiently 
fine) strictly semistable fc°-formal model X of X and an extension 3 of Z to a divisor of 
the smooth part of X, etale over k°. We then introduce a global notion of (X, 3) -normalized 
radius of convergence K x ^(x, (M, V)) of (M,W) £ MIC((X \ Z)/k) at x e X\Z. We 
take this opportunity to completely clarify the relation between lZx^(x 7 (M, V)) and the 
local notion of intrinsic generic radius of convergence IR(A4( X ),V) of (M, V) at x, for a 
point x € X of Bcrkovich type 2 or 3, used by Kedlaya [19, Def. 9.4.7]. The coincidence of 
the two notions when a; is a point of the skeleton L^^ \ Z, should be useful in general. It is 
here only used implicitly (in an obvious case) in the conclusion of our proof. 

I am indebted to V. Bcrkovich and to X. Faber for their explanations on the p-adic Rollc 
theorem and to R. Coleman, Q. Liu, M. Raynaud and M. Temkin for help in the statement of 
theorem 3.4. Discussions with P. Berthelot, M. Cailotto and Q. Liu have been most useful in 
the preparation of this paper: I thank them heartly for that. It is a pleasure to aknowledge 
the well-founded criticism and the invaluable suggestions provided by the referee. 
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1 A change in viewpoint 



1.1. Let notation be as in theorem 0.1. We use by default (strictly) k- analytic spaces in 
the sense of Berkovich [4] endowed with their natural topology. We assume without loss 
of generality that X and Y are connected strictly ^-analytic curves. By (a minor variation 
of) [12, Cor. 3.4], they are good strictly fc-analytic spaces. Now, a finite morphism of good 
analytic spaces is good and closed, so that proposition 3.2.9 of [4] applies, and <p is finite 
flat and, in particular, open. It follows that, for any strict affinoid U C X, p~ x U is affinoid 
and (p*O v -nj is locally free for the Zariski topology of U. Then, ip being good, it follows 
that <p*Oy is locally free for the natural topology of X. Since X is connected, the degree 
of p is a constant d on X. Moreover, ip is generically etale (i.e. etale but at a discrete set 
of fc-rational points) because we are in characteristic zero. We recall that an irreducible 
compact fc-analytic curve is either the analytification of a projective curve or it is affinoid 
[17], [12, Prop. 3.2]. From the discussion of remarks 0.9 and 0.10 it follows that we may, 
and will, assume all over this paper, that E := <p(D) is a strict open disk in X. We will 
denote by £ (resp. £) the boundary point of D in Y (rcsp. of E in X). 

1.2. Let B = B(<p) C X(k) and Z = Z(p) be as before. Let Jb (resp. Jz) denote the 
ideal sheaf of B (resp. Z). For a coherent Ox-module (resp. Oy-modulc) J 7 , we denote by 
T{*B) (rcsp. F{*Z)) the union Ux>i J b N ® ? ( res P- Ux>i J Z N ® 

The map <p restricts to an etale covering Y \ Z — > X \ B oi degree d. Hence, &y\ z = 
<p*Q x ^ B and ip*Q, Y < z = <p*Oy\z ®o XXB ^x\B' ^ ^ ne projection formula. More precisely, 
9. Y (*Z) = ip*(Q} x (*B)) and tp*(Q,\r(*Z)) = p„Oy ® Dx Sl\{*B). The direct image 

(1.2.1) <P*(dY/k ■ Oy -> fl Y ) i triat i s V*{dy/k) '■ V*Oy -> (p*Oy (8) flx(*B) , 

is then a connection on the locally free Ox-module T := p*Oy of rank d, with poles at B. 
We denote by M.lC(X(*B)/k) the tannakian category of such objects, so that 

(1.2.2) (T, VjO := (p. t O Y , Mdv/k)) G MlC(X(*B)/k) . 

Notice that p^Oy is also a sheaf of commutative Ox-algebras and that the multiplication 
map 

(1.2.3) fly : <p*Oy ®o x > <P*Oy 

is horizontal. 

1.3. We define two sheaves on X. The first 

(1.3.1) Sect{Y/X) := ^om 0x ^ lg (p,Oy , O x ) , 

is a sheaf of finite sets of cardinality < d. It is the sheaf of local sections of Y/X or of ip. In 
fact, for any affinoid U C X, V := p^lU) C Y is an affinoid domain as well, and 

Hom x (U,Y) = Homu{U,V) = Hom 0{u) _ alg (0(V),0(U)) 

= r{U,jromo x - B i s {<p.O Y ,Ox)) = T(U,Sect(Y/X)) . 
The second is the sheaf of k- vector spaces of dimension < d 

(1.3.2) Sol(T,Vr) :=Ji?om 0x {{F,Vf),(Ox,d x/k )) v , 

called the sheaf of local solutions of (J 7 , Vjr). Notice that for any x G X(k)\B, there exists 
an open neighborhood U of Xo, such that Sect(Y/X)\u is the constant sheaf {1, . . . , d} and 
that Sol^, Vjr)|[/ is a /c-local system of rank d. 



5 



The crucial remark is 



Lemma 1.4. We have an inclusion of sheaves of sets 

(1.4.1) Sect(Y/X) c Sol{F, Vjr) . 

For any x E X\B, Sect(Y/ X) x is a k-basis ofSol(T, S7jr) X; i.e. the sheaf of k-vector spaces 
Sol^jVjr) is freely generated by its sub sheaf Sect(Y/ X). 

Proof. We observe that the construction 

(1.4.2) (ip-.Y^X) .— ► (<p*OY,MdY/k),l*Y), 

from finite coverings to finite locally free Ox-algebras with a connection and horizontal 
multiplication map, is functorial [1, App. E]. But tp : Y — > X is determined by the Ox- 
algebra (^Oy,/iy) alone. As a consequence, for any affinoid domain U C X, any Ojj- 
algebra homomorphism ip*(0 Y )\u — * @u, is automatically horizontal, hence a solution of 
(J 7 , Vjt)|{7. This proves the first part of the lemma. 

As for the second part of the statement, since two sections of ip*Oy on a connected 
affinoid domain U coincide as soon as they coincide in the neighborhood of a fc-rational 
point of U, it will suffice to treat the case of a; e X(k). So, for any point x E X(k)\ B, we 
consider the completion O of the local ring Ox.x and its formal spectrum X — Spf O; it is a 
formal power series ring of the form k[[t]], where t is a local parameter at Xo, which we may 
assume to extend to a section of Ox- We informally denote by W n> W the base-change 
functor by X — > X on objects W defined over X. It will be enough to prove the statement 
for the map <p : Y — > X, at any x E X(k) \ B. 

Notice that 

Sect(Y/Xy= Jfomo XtXO - a i s ((<fi*0 Y ) Xo ,O x ) = Jff om Of _ a i g (i/)»0y, 0%) , 
is the set of formal sections of ip at x . The Og -algebra T = <p*Oy is a direct sum 

d 
i=l 

where the e^'s are orthogonal idempotents. An algebra homomorphism o : (p*Oy — > O x , 
is forced to map one of the e^'s to 1, and the others to : let us denote it by e*. As 
we saw before, the e*, for i = l,...,d arc horizontal. Since they freely span the O^- 

module Ji?omo~{p*OY,O x ) of rank d, they form a fc-basis of Jfomo s (ip^OY,O x ) v = 
Sol{T, Vjr) x . This proves the statement. □ 

1.5. Our problem consists in the determination of the maximal open disk D yo C D, centered 
at y G Y(k) n D, such that the map ip restricts to an isomorphism 

(1.5.1) D yo ^ d; (9o) , 

where D',^ denotes an open disk with <p(yo) G D' C X. 

If we set xq = tp(yo) G X(k) \ B, this problem coincides with the problem of determining 
the maximal open disk D' Xq , centered at xo, such that the unique local section <r of ip at xq 
such that a(xo) = yo converges on D' Xq . By lemma 1.4, a is a local solution of ( J 7 , Vjr) at 
xq. Notice that we will then need to express the result not in terms of D ' but in terms of 
the height of the annulus D \ D yo in (1.5.1), where D yo — a(D' ). The statement we want 
to prove says that 

h(D\D yo )>p-^ . 



G 



Obviously, in this discussion Y may be replaced by any compact strictly fc-analytic 
domain C C Y, and X by the image <fi(C) C X, provided D C C and tp induces a finite 
morphism C — > <p(C). 

1.6. I am indebted to Liu for the following general statement 

Proposition 1.7. Let ip : Y — > X be a finite morphism of k-analytic spaces. Let Q be any 
coherent Oy -module. Then 

y*y*G = ip*ip*Oy <S>o Y G ■ 

The proof is immediate and follows the footprints of the proof of the analogous algebraic 
statement, namely 

Proposition 1.8. Let <p : Y — > X be an affine morphism of k-schemes. Let G be any 
quasi- coherent Oy -module. Then 

<P*<P*G = (f*(f*Oy ®o Y G ■ 

So, going back to the notation of this paper, we observe that 

(1.8.1) ip*ip*(dy/ k \ Oy -> Qy) = tp*(p*(dy/ k ) : (p*(f*Oy -> ip*ip*Oy ® VL Y . 

In particular, 

Corollary 1.9. The inverse image connection 

(i.9.i) v T ) =■■ (£, v £ ) g Mic(y/fc) , 

has no singularity on Y . 

We also consider the fiber product Y x x Y and its two projections pr x , pr 2 : Y x x Y — > Y. 
We have, as before: 

Corollary 1.10. The inverse image sheaf ip~ 1 Sect(Y/ X) coincides with the sheaf Sect (pi ± ) 
of sections of pv 1 : Y Xx Y — > Y. We have an inclusion of sheaves of sets 

(1.10.1) ip^SectiY/X) C So?(£, V f ) . 

Tfte sheaf of k-vector spaces Sol(£, Ws)\y\z is freely generated by its subsheaf tp~ 1 Sect(Y/ X)\y\z 
We will prove 

Proposition 1.11. The connection {£, Vf) restricts to the trivial connection on any open 
disk contained in Y \ Z . 

Corollary 1.12. The etale covering pr x : Y Xx Y — > Y is trivial over any open disk 
D C Y \ Z. In particular, theorem 0.8 follows. 

Proof. (Of corollary 1.12) As we explained in 1.1, we may assume that E — >p(D) is an 
open disk in X. Let y = yi € D(k), x = <p{y), and let {yi, • ■ • ,yd} = L P 1 ({ X })- So, 
P r r X ({Hi}) = {(yi)2/i)i • • • ; (yi)2/d)} consists of d distinct points, and the section r, of pr 1 
such that Tj(yi) = (t/i,t/j) extends, by corollary 1.10 and proposition 1.11, to a solution of 
t>i of (£, Vf ) on _D, which is a section of pr x in a neighborhood of yi, hence all over D. The 
composition Oi := pr 2 o Vi is therefore an open embedding D ^ Y, such that the diagram 

d ^ > y 



(1.12.1) 



commutes. In particular, u\ is the inclusion D Y . Then <7i(D), which cannot be compact 
under the assumption that (p(D) is an open disk, is an open disk in Y. If <7i{D)C\(ij (D) ^ 0, 
we have <Ji(D) = <Jj(D). In fact, the union <Ji(D) U <Jj{D) cannot be compact, otherwise 
<p(D) would also be compact, against our assumption. So, [2, Lemma 1.5.6] di(D) Uaj(D) 
is the biggest of the two disks <Ji(D) and <Jj(D). We have n(D) = D Xe &i(D), for all i, 
and, since pr x induces an isomorphism Ti{D) D, we get a contradiction. So, now let 
{D = D\, D2, . . • , D r } = {(Ti(D), . . . , <Td(D)} with Dj ^ Dj, for i ^ j. Then tp induces a 
finite etale covering of open disks ipi : Di — > _E. Moreover, by our previous discussion where 
j/i is possibly replaced by another yj G tp~ 1 ({x}), we see that, if {t/1,1, . . . , yi, £i } = i P^ 1 ({ x }, 
with y^/j ^ yi t i if h ^ t, then, for any choice of h,£ S {1, . . . , e*}, there is precisely one 
covering transformation <r of ^ : Di — > E, such that <j(yi.h) = In other words, <pi 

is a Galois cover. Let Gi be the Galois group of </?j. Now, for any i = 1, . . . , r, we let 
ni : D\ Di be such that 7Tj (2/1,1) = 2/i,i- Then 

G:=|) r Gi o iTi 7 

— 1 

is a group of covering transformations of ip : ^^(E) — > E, of degree d = e\ + ■ ■ ■ + e r , which 
operates transitively on the fiber above x, hence on all fibers. □ 

Remark 1.13. The last statement in corollary 1.12 implies that the diagonal embedding 
A : Y — > Y Xj y is a local isomorphism at any y eY \ Z. It is then a more precise form, 
in the particular case we are considering, of [4, Prop. 3.3.7 c)]. 

Remark 1.14. The fc-vector space of fc-analytic solutions of (£, Vf) at any point zq G 
Y{k)\Z is spanned by the germs of analytic solutions w(z) at z = z of the algebraic equation 
ip(w) = ip(z). Notice that if (p : P — > P is a rational function, the algebraic equation for w 
as a function of z, <p{z + w) = <p(z) coincides with the equation w ■ A ip (z, w) = studied by 
Faber in section 2 of [16]. 

2 Basic results on p-adic differential systems 

2.1. The classical theory of p-adic linear differential equations is developed on an open 
disk or an open annulus, embedded as open analytic domains in P. Moreover, it is usually 
understood that their boundary points in P be points of Bcrkovich type 2. This precision 
becomes relevant when one insists that the coefficients of the equation represent germs of 
analytic functions at those boundary points. One classically defines, for r G (0, 1) n \k\, the 
fc-Banach algebra Jf?(r, 1) of analytic elements [13, IV. 4] on the open annulus 

(2.1.1) C(0; r, 1) := {x G D(0, 1") | r < \T(x)\ < 1 } . 

It is the completion of the fc-algcbra of rational functions of T, with no poles within C(0; r, 1) , 
equipped with the sup-norm | | on C(0; r, 1). While Jf(r, 1) C B(r, 1), the Banach fc-algcbra 
of bounded analytic functions on C(r, 1), the two do not coincide, and the properties of a 
first order system of linear differential equations 

(2.1.2) E: ^I = G r 7 

where G is a n x n matrix with coefficients in Jf?(r, 1) are more special than in the case of 
coefficients in B(r, 1). 
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2.2. Let C C Y be any open analytic domain, with only a finite set Ci> • ■ • > C« °f boundary 
points all of type 2 in Y. We define the Banach fc-algebra Jfy(C) of Y -analytic elements 
on C as the completion of the fc-algebra 

s 

o Y (C)nf]o YXi , 

i=l 

under the sup- norm | |c on C. In the present discussion, we have the open disk D C Y, with 
boundary point £ of Bcrkovich type 2 (because of the assumption that D be isomorphic to 
D(0, l - ) [11])- We define a, formal coordinate T on £) in Y, to be a formal etale coordinate on 
(the smooth fc°-formal model of) an affinoid domain A C Y, with good canonical reduction 
and maximal point £, which extends to an isomorphism T : D - > D(0, 1 _ ). A formal 
coordinate T on D in Y is overconvergent if it extends as a section of Oy on a neighborhood 
of C in Y. 

Lemma 2.3. Let D be a strict open disk in a compact rig-smooth strictly k-analytic curve 
Y. Then, a formal coordinate on D inY exists. 

Proof. Let £ be the boundary point of D in Y. Since £ is of type 2, an affinoid domain 
U' C Y, with good canonical reduction and maximal point C, exists. If the open disk D 
intersects U', it is a residue class in V; we set U = U' in this case. Otherwise, V U D =: U 
is either an affinoid domain in Y, with good canonical reduction and maximal point £, or 
it coincides with Y, and Y is the analytification of a projective curve with good reduction. 
So, in any case U = iL,, for a smooth fc°-formal scheme It, and sp u (D) = a is a closed point 
of it. It suffices to pick an etale coordinate T on it at a. □ 

Remark 2.4. With little more effort, one shows : if the strict open disks D\, . . . , D r C Y 
have the same boundary point in Y, a simultaneous formal coordinate on D\, . . . , D r in Y 
exists. 

We now refine comma (3) of proposition 2.2.1 of [6] in our special case. Notice, contrarily 
to what is there stated, that the commas (2) and (3) of loc.cit. refer to points of type 3 and 
2, respectively. 

Lemma 2.5. Notation as above. The point Q admits a neighborhood in Y of the form 
U = £^ an \ II™ =1 Y, where W is a connected smooth projective curve over k° , each Yi is 
an affinoid domain isomorphic to the standard closed disk D(0, 1+), all of them in pairwise 
distinct residue classes of , with £ the generic point of W s in ^ an . We may assume that 
the disk D is a residue class of ^ ( an contained in U . 

Proof. We only have to prove the last part of the statement. The disk D intersects U in an 
open annulus B, with boundary point (. This annulus is connected and has the boundary 
point £ ^ B. It must then be the complement of a strict closed disk V in a single residue 
class C of W^ n . We construct a new connected compact smooth fc-analytic curve Y', by 
glueing Dc7to ^ an \ V, via B. The curve Y' is necessarily projective, since it is compact 
and it has empty Shilov boundary, and, since Y 1 \ {(} is a union of open disks, it has good 
reduction. So, Y' = (^') an , for a smooth projective curve W over k° . Notice that D U U is 
now contained in Y', and that U U D = \ U™ =1 Y/, for Y/ strict closed disks, contained 
in pairwise distinct residue classes of (^') an . □ 

Remark 2.6. With little more effort, we may prove : If D\, . . . , D r C Y are open disks with 
the same boundary point £ in Y, there exists a neighborhood of £ in Y, as in the lemma, 
such that Di C U, for alH = 1, . . . , r. 

Corollary 2.7. If the strict open disks D\, . . . ,D r C Y have the same boundary point ( in 
Y , a simultaneous formal overconvergent coordinate on D\, . . . , D r inY exists. 
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We will also need the following statement. 

Proposition 2.8. Let M. be a locally free Oy -module of rank m, and let D\, . . . , D r C Y 

be strict open disks with the same boundary point £ inY . Then, there exists a neighborhood 
U of ( as produced in lemma 2.5 , such that M\u is free. 

Proof. Let U = \ U" =1 y be as in lemma 2.5, with D l C U, for all i. Let d be the 
residue class of ^ an containing y. By increasing Y{ = D(0,1 + ) in Cj, we may assume that 
M is free over the open annulus d \ Yi (recall that M is locally free at (). Then we may 
use a basis of sections of M on d \ Yi to extend M to the residue class Cj. In the end 
we obtain a locally free coherent module M. on ^ an , which is then of the form yi /aD 1 for a 
locally free coherent -module M. So, N is free on any open affine subset of and a 
fortiori W an is free on U. But Af^ = M\ v . □ 

Corollary 2.9. Let D CY be as in lemma 2.3 and let ( be the boundary point of D in Y. 
Let M. be a locally free Oy -module of constant rank N . Then A4(D) n M.q is a free module 
over Oy(D) n CV,c °f ran ^ N. For any choice of a basis v := (vi,..., vn) of M{D) n M.q 
over Oy (D) n Oy X , let 

N 

|| ciiViWv c = max ||a,||D , 

i=\ 

be the corresponding norm on M(D) C\Mq. We define (J^-\M, D), \\ \\v,c) as the com- 
pletion of A4(D) under the norm || ||„,c- It is a Banach module over the k-Banach 
algebra (J#y(D), \\ \\d)- For two choices u and v of an Oy(D) HOy^ -basis of Ai{D) D Ai^, 
the unique map of (J#y(D), || \\o)-Banach modules 

(j4^(M,D),\\ ||„, c ) -> (Jf^\M,D),\\ || £iC ) , 
sending Ui to Vi for all i, is a bounded isomorphism. 

Definition 2.10. We denote by (Jty (-M, D), \ \ \\d) any representative of the uniquely de- 
fined isomorphism class of free finitely generated (Jtfy(D), || \\r>)-Banach modules defined by 
(J^y(M 7 D) 7 1| || £ ,c); f or an V choice of v. 

Let T be an overconvergent coordinate on D in Y. Then, for C(0;r, 1) as in (2.1.1), 
we define Mb iY {r, 1) := ^(T^C^r, 1))). In the particular case of D = D(0, 1") C P, 
with canonical coordinate T, J$?(r, 1) = J^b.p(C(0; r, 1)). 

We assume that the entries of G in (2.1.2) are in Jtffo.yir, 1). Notice that 

Frac{My{D)) C |J J^,y(r,l) , 

r<l 

so that if the entries of G are quotients of elements of Jffy(D), then the previous assumption 
is satisfied for r < 1, sufficiently close to 1. We let t — T(() g <^(C). Notice that g n> g(C) 
is a bounded multiplicative norm on Jtfh.y(r, 1). The following (almost) classical definition 
will later be updated. 

Definition 2.11. The generic radius of convergence i?£> c y(£) of the system £ o/ (2.1.2) 
on D C y , is defined by extending the field of constants from k to the valued field J^f{Q), 
so that the point £ determines a canonical [2, Intro] M' '(£) -rational point Q' £ Y '(C) 7 
swe/i i/ia£ T(C') = t. Notice that the entries of G are analytic functions on the open disk 
of T -radius 1 in Y®k<%?(0, centered at (f , so that the system 2.1.2 is defined on that disk. 
Then -Ro c y(£) is defined as the T -radius of the maximal open disk around (J , of radius not 
exceeding 1, on which all solutions of £ in Jf?(£)[[T — t]} converge. 
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2.12. The number i?o c y(E) is computed as follows. We first iterate (2.1.2) into 



1 d n Y 

(2.12.1) = G hl] Y, 

v > n \ dT n N ' 

and then 

(2.12.2) R DCY (E) = min(l,hminf |G H (C)r 1/j ) G (0,1] , 

where the absolute value of a matrix is the maximum of the absolute values of its entries. 

The generic radius of convergence of (2.1.2) is bounded below as follows [13, p. 94]. 
Proposition 2.13. (Trivial Estimate) 

2.14. We now assume that the entries of the matrix G in (2.1.2) extend to meromorphic 
functions, necessarily with a finite number of zeros and poles, on the open disk D = D(0, 
For example, this is the case if the entries of G will be in Frac(J^y(D). We also assume 
that all singularities of the system E in D(0,1~) are apparent [13, V.5], i.e. that at any 
point a E -D(0, l~)(fc), E admits a matrix solution in GL(n, k((T — a))). Then the following 
Transfer Theorem in a disk with only apparent singularities, similar to [13, IV. 5. A], holds. 

Theorem 2.15. (Transfer Theorem) Any solution of E at any k-rational point x <E 
Z?(0, 1~) is meromorphic in a disk ofT-radius i?o c y(E) around x. 

Proof. The point ( induces on the field k(T), of rational functions with coefficients in k in 
the overconvergent coordinate T, the classical Gauss norm | \causs [13]. Since the entries of 
G have a finite number of poles in D, we can follow the procedure of Proposition 5.1 of [13, 
Chap. V], to determine a | Gauss-unimodular matrix P 6 GL(n, k(T)), such that Y M> PY 
transforms E into a system 

S [p] dY = [P] 
dT 

with no singularities in D(0, 1~). Notice that the entries of are then in J?y(D). The 
matrix P G GL(n,k(T)) is then (-unimodular, that is |P(C)| = -P _1 (C)I = 1- It follows 
that |G^ ] (C)| = |G W (C)|, Vi and formula 2.12.2 shows that R DcY (^ lP] ) = R Dc y(^)- We 
may then assume from the beginning that E has no singularities in D(0, 1~), that is thatthe 
entries of G are in J^(D). But then clearly |G[ji(a;)| < |Gfji(C)| = HG^jHd- A solution 
matrix of E at x is given by Y X (T) = E^=o G W ( X )( T ~ T ( x )) n - So ' Y A T ) converges for 
\T-T(x)\ <R DCY (Z). ' □ 

2.16. A more precise version of the formula 1.2.1 is obtained if we view the pairs (Y,Z), 
(X, B) as smooth log-schemes over the log-field (k, k x ) [18]. The analytic map ip induces in 
fact a finite log-etale morphism tp : (Y, Z) — > (X, B), locally free of degree d, so that 

n Y (io g z) = <p*n 1 x (iogB) . 

Therefore formula 1.2.2 admits the refinement 

(2.16.1) f*(dY/k : O y ^ tt Y (log Z))=Vr: J" ^ J" ®o x (log S) , 

which shows that the natural A/fc-connection with poles along B on the locally free Ox- 
module of rank d, T — (p*Oy, admits logarithmic singularities along B. 
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3 Semistable models 



3.1. As a matter of notation, we recall that, for any fc°-formal scheme X, locally of finite pre- 
sentation, with generic fiber the fc-analytic space X = 3C V , there is a canonical specialization 
map 

(3.1.1) sp x : X = X v — > X s , 
which may be viewed as a morphism of G-ringed spaces 

(3.1.2) s P3e : X = X G -> X , 
where the subscript (— )g refers to the G-topology of [4, 1.3]. 

3.2. A preliminary step in the proof of theorem 0.1 is the understanding of the structure 
of the etale covering p~ 1 (E) — > E, where E is the open disk <p(D). This is the content of 
theorem 0.8. Its proof will be based on proposition 1.11, i.e. on the excellent convergence 
properties of the connection (£, Vg) defined in (1.9.1). This will follow from an integrality 
statement for (£, Vg) and from the transfer theorem 2.15 . Once this is established, we will 
prove theorem 0.1 by applying the trivial estimate 2.13 and the transfer theorem 2.15 to the 
connection (J 7 , Vjr) defined in (1.2.2) and (2.16.1). In order to understand the integrality 
properties of (J 7 , Vjr) and (£, Vg), we discuss continuation of ip to a morphism of strictly 
semistable formal models of Y and X. We refer to [2, 1.1.4] for the relevant definitions. 

3.3. We admit the following theorem (see [10], [21], [26], for similar statements in the 
algebraic setting). 

Theorem 3.4. Let 2)' (resp. X' ) be any semistable k° -formal scheme with 2)^ = Y (resp. 
X' n = X). The map p : Y — > X admits a continuation to a finite morphism of strictly 
semistable k° -formal schemes $ : 2) — > X such that there exists an admissible blow-up 
2) — >• 2)' (resp. X — > X'), and p = $ I( : 2),, — > X n . Moreover, we may assume that the 
divisors Z C Y and B C X extend to divisors 3 C 2J sm and 23 C X sm of the maximal 
smooth open formal k° -sub scheme 2J sm o/2) and X sm of X, respectively, both etale over k° , 
such that $ induces a finite covering 3 — > 23. 

Remark 3.5. The map $ is locally free of finite rank over X sm . This may be proven as in 
the classical algebraic case of a DVR R and of a finite morphism of i?-semistable schemes 
of relative dimension 1 [20, Ex. 8.2.15]. In general, $ cannot be chosen to be flat (unless 
one gives up finitcness by further admissible blowing-up, as in[9, Thm. 5.2]). 

We refer to [2] for the correspondence 2) o S(2J) = 1^ (resp. (2), 3) ^ S 3 (2J) = 1^3 
between strictly semistable fc°-formal models of X (resp. with a marked etale divisor 3 C 
X sm ) and connected metrized subgraphs of X, with edges of finite (resp. of both finite and 
infinite) length. This correspondence will also be shortly recalled in section 4 below. 

3.6. We fix an extension $:2J^Xof<^:Y"— > X, and the divisors 3 C 2) and 23 C X, as 
in theorem 3.4. 

We refer to [18] for the definitions and the differential constructions related to log- 
schemes. In particular, let S be the formal log-scheme, of the type discussed in [18, 1.5], 
supported by the formal scheme Spf k° , whose logarithmic structure is induced by the special 
fiber. As in loc.cit., the pair (2J, 2J S U3) determines a formal log-scheme over S, of underlying 
formal scheme 2), whose log-structure is given by the Zariski sheaf it i->- M(il), where, for 
any open subset it C 2J, 

M(il) = {g e £>2)(il) | g is invcrtiblc outside 2J S U 3 } ■ 
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Although (2), 2) s U3) is not log-smooth over E, according to the definitions of [18], the sheaf 
of logarithmic differentials [18, 1.7] u>j^ a) 3 u3)/s ^ s a sne& f of locally free Osg-modules of rank 
1, canonically dual to the Ogj-module r>er((2),3)/fc°) of fc°-linear continuous derivations of 
02), which preserve the ideal sheaf of 3 U 2) s . It is equipped with a canonical derivation 

d(0),2) 3 u3)/£ : 0<x) — > W( 1 ? j i? j sU3 )/ e • 
Moreover, sp^ ^ 3U3 )/ S is a G-subsheaf of f2~ G ^ fe (logZ) and 
(3.6.1) Q^ G/k {logZ) = sp 3 3w ( 1 2 )i 2, sU3)/E = fc® fc o sp^ 1 w ( 1 ?)i?)sU3)/s . 

Similarly for (IJ.U'B). 
3.7. Since 

$(2}\(2} S U3)) Cl\(I s US) , 
the map <J> induces a finite morphism of log-schemes over E, 

*: (2),2) S U3)^(X,X S U23) . 

We will set 

Then # (resp. <£) is coherent O^-module (resp. O^-modulc) such that $ n = T (resp. 
<£„ = £).' 

Remark 3.8. As we pointed out in remark 3.5, $ is in general not flat over the singular 
locus of X. So, neither $ nor 2; can be assumed to be locally free. 

3.9. Let Ci) • • • i Ct S Y be the distinct ^-conjugates of C = Ci- Without loss of generality, we 
may assume that the points £j, for i = 1, . . . , t are vertices of r<g (resp. that £ = ip(Q E X 
is a vertex of Tx). In other words, Q (resp. £) is the generic point on Y (resp. on X) of a 
component V[ of 2) s (resp. C of X s ). We consider the image by the specialization map sp^ 
of the open disk E C X. There are two possibilities: 

1. sp^(i?) is a singleton in C sm ; 

2. sp x {E) contains a double point Q of C sm . 

On the other hand 23 s is a divisor in X| m , and the fact that E n B = < B r) = 0, guarantees 
that if we replace X by X \ 23 (resp. 2) by 2) \ 3), 3> by its restriction to a finite map 
2) \ 3 — > X \ 23, and </? : y — > X by the generic fiber of the latter, we may assume from the 
beginning that Z(ip) = = B(ip), i.e. that tp is an etale covering. 

3.10. We now reconsider the previous logarithmic complexes under the assumption that 
3 = = 23. So, wjL 2) 3 )/s is a sheaf of locally free Ogj-modules of rank 1, canonically 
dual to the 02j-module 2?er(2)/fc ) of fc°-linear continuous derivations of 0<g. Moreover, 
sp^w^ yj, is a G-subsheaf of ^Y G / k and 

(3.10.1) ^Y G /k = SPh^tv&s)/^ = k S P2) lw ( 1 0),2) s )/E ■ 

Similarly for (X, X s ). 

3.11. Propositions 1.7 and 1.8 have the following general formal analogue, whose proof is 
essentially identical to the one of its algebraic form. 
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Proposition 3.12. Let $ : 2) — >• X &e a finite morphism of k° -formal schemes locally of 
finite type. Let <8 be any coherent Ory-module. Then 

Based on (3.12), wc can now prove 

Proposition 3.13. The connection (£, Vg) of (1.9.1) prolongs to a log- stratification on <£. 

Proof. We use the standard notation of differential calculus [7]. The logarithmic version is 
developed in [25] . We need little more than notation from the previous sources. In particular, 
for n = 1, 2, . . . , we denote by Py/ k =t Y the analytic space of Y/fc-jets of order n, equipped 
with its two finite free projections pr x and pr 2 , to Y. The structure sheaf V Y , k of Py/k' then 
has two Oy-module structures, for which we adopt the conventions of [7]. Similarly, we have 
P (sp,aW/£ =* 2) and ^.gj.J/E' whcre ( P (2)-2) 3 )/s)') = p y/fe- Thc ma P f : r ->■ x ( res P- 
$ : 2} -> X) induces maps P"(^) : Py/k P x/k ( re s P - P n ($) : ^ i?M /e ^.gj.J/s). 
for any n. Let 

(3.13.1) e n ,y : V Y/k — ► 7>? /fc , 

for n = 1, 2, . . . , be the canonical stratification on Y/k, and let 

(3.13.2) e n , E ■ Vy/k ® £ — >■ f ® p y/ fc . 
be the stratification associated to (£, Vg). We obviously have 

(3.13.3) e„,£ =P n ( ¥ 0*P n ( ¥ >),e n ,y , 
for any n. Similarly, let 

(3-13-4) £„,o) : P^^/s ► P (2),a) 3 )/E i 

for n = 1, 2, . . . , be the canonical stratification on (2),2) s )/£. We now set (5 := $*$*0>g. 
For any n, $ induces a finite morphism 

(3-13.5) P™($) : P^^/e -> -P(2),a) 3 )/E • 

By proposition 3.12, we have 
(3.13.6) 

P»($)*P»(*),( eniS , : P&.sm/e -»• P&.SM/e) =: e n ,e : P^^/e ® <£ -+ <£ ® ?>(W)/e . 

for any n. Since, obviously, e n ,s — sp* pn i £ n,e), f° r anv n ; we conclude that {e n ,e}n is 

the desired extension of {£ n ,g}„ to a log-stratification of <£. □ 

Proof, (ofpropositionl.il) □ 

We recall [2] that, for any y £ Y(k), the 2J-unit open disk D<y(x,l~) centered at x, is 
the maximal open disk C C Y, such that y € C, and spm(C) is a singleton in 2J S . The open 
disk Dz)(x, l~) is necessarily strict with maximal point T%){y) G of type 2. 

Corollary 3.14. For any y G Y(k), the solutions of (£, Vg) converge and are bounded on 
the full disk D<y(x, 1~). 

Proof. Let D := Dsg(x, 1~) and ( := T<y(y). Since £ is a locally free Oy-module, it follows 
from corollary 2.9 that (Jfy(£, D), \\ \\d) is defined and that it is a free ^y(D)-modulc 
of rank d. The fact that Vg continues to a log-stratification of £ means that, in terms of 
an overconvergent formal coordinate on D in Y, and of an ^y(D)-basis of Jfy(£,D), the 
Taylor series of Vg has coefficients of bounded || He-value. This proves the statement. □ 
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Proof, (of proposition 1.11). We now show how to deduce proposition 1.11 from corollary 

3.14. For a sufficiently refined choice of 2) and of X in theorem 3.4, we may assume that the 
boundary point ( of the disk D appearing in the statement (1.11) in Y is a vertex of Tsy, 
i.e. the generic point in Y of a connected component of 2) s . If D is of the form D<y(y, 1~), 
for some y £ Y(k), the statement (1.11) holds true for D, by corollary 3.14. But the disk D 
is not necessarily of the form D<y(x, 1~). It may in fact contain in its interior a nontrivial 
part of the graph T<y . Still, we can consider the free (,3#y {£, D),\\ | £))-module of finite rank 
(J#y(£, D), || | |d)- The connection Vf , which has no singularities as a connection on the 
vector bundle £ , may show some apparent singularities in D, when it is expressed in terms 
of a particular J^y(D) -basis v of My{£, D). So, the differential system E for the vector of 
coordinates of a solution of Vg, expressed in terms of the basis v, is of the form (2.1.2), where 
the coefficients of G are in the quotient field of J#y(D) (but singularities in D are apparent). 
Moreover, corollary 3.14 shows that for any disk of the form D' = D<y (y,l~), with the same 
maximal point £, the corresponding differential system E' satisfies Rd'cy(^') = 1- So, in 
the intrinsic notation of [2] or of [19], recalled in section 4, we have 

fta,(C,(£,V)) =/#(%), V) = l. 

But this coincides with i?£> c y(E), independently of whether D is or is not of the form 
D<y(y, 1~), for some y £ Y(k). So, i?D C y(E) = 1, and we may apply the transfer theorem 

2.15, to deduce that the solutions of E are meromorphic on D. □ 

This proves proposition 1.11 and therefore also theorem 0.8. 

3.15. Notice that in our discussion, we have the freedom to replace Y by any compact 
analytic domain U in Y containing D, provided the map ip restricts to a finite morphism 
U^<p(U). 

Lemma 3.16. Let notation be as in theorem 0.8, in particular D CY and E = <p{D), and 
assume ip~ 1 (E) — > E is etale. Then, there is a compact connected analytic domain UofY 
containing D U {(}, such that the restriction of ip to U — > <f(U) is finite and is such that £ 
is the unique inverse image of £ = <p(Q- 

Proof. Let C = Ci> • ■ • > Cr be the (distinct) points of Y which are tp-conjugate to (, i.e. such 
that <p(d) = £ £ X, for i = 1, . . . , r. Theorem 0.8 asserts that (p^ 1 (E) — > E is a Galois 
covering, decomposed in a disjoint union of a finite number of (conjugate) Galois coverings 
of the form D — >• E. So, for each i = 1, . . . , r, let £*j,i 5 -Di,i ; . . . , D itSi be the distinct open 
disks, with boundary point Q in Y, such that D it i — > E is a Galois covering, which is a 
component of p>^ 1 (E) — > E. 

Now, £ ^ y{D), since (fi(D) is not compact; it follows that no £i belongs to D. For 
i = 1, . . . ,r, let Ui be a compact neighborhood of Q. We assume that the C/j's are disjoint. 
Then, D n U\ ^ 0, but, for any i ^ 1, we have D D Ui = 0. Otherwise, we would also have 
Ci £ Ui, contradicting disjointness. Let V be a connected affinoid neighborhood of £, such 
that V C y(J7i) for all i: such a V exists because ip, being flat, is open. For a sufficiently 
small V, we have ip^ 1 ^) C lj[ =1 Ui - . otherwise, there would exist a sequence {yh}h=i,2,..., 
yh £ Y \ U[=i £Aj with ip{yh) — > ^, as ft. — > oo. Notice that t/^ belongs to the compact set 
C := Y \ U[=i I n ty(CA)7 so that we may replace {yh}h=i,2,..., by a subsequence converging 
to C £ C. But then ip(C) = C would contradict the assumption that £i,...,£ r are all 
the points of Fwhich are 93-conjugate to C = Ci- So, after replacing 1^ by Ui n ( < 5 _1 (1 / ), 
for i = l,...,r, the restriction of 95 to ^ : C/j — > V is finite, for any i. Notice that 
U\ := U\ U D is a connected compact neighborhood of ( disjoint from Ui, for i > 1. Let 
V := <p(Ui) = (p(Ui)UE, a compact connected neighborhood of £ containing V. The inverse 
image <^ —1 (V) is the disjoint union of r disjoint connected components U\, . . . , U r , where, 
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for any z, 

Ui = Ui U (J £> M • 

Notice that the component Ui is then a compact connected analytic domain which is a 
neighborhood of Q and such that the restriction of <p to Tp i : Ui — > V is finite, for any i. 
Then U = U\ satisfies to the requirements in our statement. □ 

So, without loss of generality, we make in the sequel the following 

Assumption 3.17. The morphism ip : Y — > X of Theorem 0.1 satisfies the further condition 
that the boundary point ( of D inY is unique in its ip-conjugacy class and that £ := ip(() 
<p(D). 

Remark 3.18. Under assumption 3.17, the image E = ip(D) in X is an open disk with 
boundary point £. 

3.19. We will now prove theorem 0.1. We will assume (3.17). We now come back to our 
choice of <f> : 2) — > X, as in theorem 3.4. We want to show that, by suitably restricting the 
source and the target spaces of <p> : Y — > X, we may assume, without loss of generality, that 2J 
and X are smooth, so that $ will be (finite and) locally free, and that ip is an etale covering. 
We may assume, without loss of generality, that the point ( G Y (rcsp. £ = ip(() G X) is 
the generic point on Y (resp. on X) of a smooth component C of 2J S (resp. C of X s ), and 
that $ induces a finite morphism of smooth k-cmves $c,c ■ C —> C. As explained in the 
proof of lemma 3.16, let D — Di, . . . , D r be the distinct open disks, each with boundary 
point C by (3.17), , which are the connected components of p^ 1 (E), E = p{D). We pick 
an affinoid with good reduction U C sp^^C) and maximal point £, such that ip restricts 
to a finite unramified map U' := </? _1 (?7) — > U and that U' itself has good reduction (and 
maximal point ()■ This is possible because 23 s n C and 3s H C are finite sets of fc-rational 
points. Then (by possibly choosing a smaller U) 

r 

(3.19.1) C':=U'u\jDi , C := U U E , 

i=i 

are both affinoid domains with good canonical reduction in Y and X, respectively, such that 
ip induces a finite unramified map p> : C — > C. In this situation the map <p extends to a 
finite map of the smooth model <£' of C to the smooth model £ of C. Notice 

that $ is automatically flat. 

3.20. Let us consider the assumption 

Assumption 3.21. The map p : Y — > X is unramified and it is the generic fiber of a finite 
free morphism <I> : 2J — > X of smooth affine formal schemes, both etale over the formal affine 
line over k° , where the open disk D is a residue class o/2J. 

We conclude 

Proposition 3.22. It suffices to prove theorem 0.1 and proposition 1.11 under the further 
assumption 3.21. 

Remark 3.23. If <p is rcsidually separable at the maximal point £ of Y, the morphism $ 
of (3.21) is then an etale covering. So in this case, under the assumption 3.21, theorem 0.1 
follows from [5, Lemma 2.2]: in fact in this case <j) induces an isomorphism between any 
residue class in Y and its image in X. 
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3.24. We assume here (3.21). Let # := $*02j, a coherent and locally free 0^-module such 
that $ v = T . 

Proposition 3.25. There exists 7r$ G fc 00 , non-zero, such that 
Therefore 

3 > *^2)/fe° = $ ® ^X/k° ' 

Proof. The second statement follows from the first by the projection formula. Let £sg (resp. 
£,x) be the generic point of 2) (resp. X), and let £y (resp. £x) be the maximal point of 
Y (resp. X). The local ring Osy^y (resp. Ox^ x ) of £<g (resp. £x) is a valuation ring 
of rank 1: its valuation extends the one of k°, and has the same value group. We have 

°%),im = K (£y)° ( rcs P- Ox,Zx = K (&)°)> hcnce k Otytm = °y,Sy = (resp. 
k ®fe° Xiix = Ox,i x = Let 7r$ e be such that 

(**^3e/fc°)C2) = 7r *( n 2)/*;°)«a, ■ 

Let E be any maximal open disk in Y. Since = £x, E' := ip(E) is a maximal open 

disk in X. Let T (resp. S) be a formal coordinate on E in Y (resp. on E' in X). The map 
f is then expressed in E by 

5 - h(T) , 

where h(T) G fc[[T]] is a power series converging and bounded in E, with \ \h\\s = \h(£y)\ = 1- 
Since is unramifed on £7, the derivative dh/dT does not vanish on E, hence it has a constant 
absolute value, necessarily equal to |7r$|. □ 

Corollary 3.26. For any b G X(k), the connection (J 7 , Vjr) admits a full set of solutions 
converging in D%(b,p~~ |7r$| - ). 

Proof. It is an immediate consequence of the trivial estimate (2.13) and of the transfer 
theorem (2.15). □ 

Remark 3.27. The constant +ord p 7r$ may be bound uniformly from below in terms 

of d and p. See [22, Thm. 2.1]. 

Corollary 3.28. For any a G Y{k), the map ip restricts to an open immersion ofD<g(a, (f> _5=T ) - ) 
in X . 

Proof. We consider a section a : Db := Dx{b,p~~ I 71 "*! - ) — > Y of (p : Y — > X, and 
let a = o~(b). Then o-(Db) =: D a , is an open disk in Y, a G -D a , and ^ restricts to an 
isomorphism ip a ^ : D a -—t Db- Let E (resp. £?'), as in the proof of proposition 3.25 be a 
residue class of Y (resp. X) containing D a (resp. Db), and let us use the notation of loc.cit.; 
in particular, we have \(dh/dT(y)\ — 7r$|, for any y G Y. The p-adic Newton lemma [13, 
1.4.2] implies that, for any e G (0,1), and any bi G E'(k), with \S(bi) - S(b)\ < e|7r$| 2 , 
there is a unique a\ G E(k), with \T(ai) — T(a)\ < e\n^>\, such that <f(ai) = b\. So, 
for ai,a 2 G D a (k), and bi = tp(a 1 ),b 2 = ip{a 2 ) G D b (k), if \S(bi) - S{b 2 )\ < \tt$\ 2 and 
\T(ai) - T(a 2 )\ < |tt*|, we have 

|T(ai) - T(a 2 )| < |tt^ | ~ 1 1 ^(foi ) - S(6 2 )| . 

On the other hand, since \(dh/dT(y)\ has the constant value \tt$\ on E, there exists e G (0, 1), 
such that, if \T(ai) - T(a 2 )\ < e, then 

\S(h) - S(b 2 )\ < |7r*||T(oi)-T(o2)| ■ 
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In other words, there exists e E (0, 1), such that, if \T(a\) — T(a 2 )\ < e, then 

(3.28.1) \S(h) - S(b 2 )\ = |7r*||T(ai) - T(a 2 )\ . 

Now, the map y> a ,b '■ D a > being an isomorphism, this estimate must hold for any 

a\,a 2 E D a (k), and for their images b\ = (fi(ai) and b 2 = f(a 2 ) E D (k) [3, 6.4.4]. In 
particular, 

(3.28.2) D a =D v (a,(p-^)-) . 

This proves the proposition. □ 
We have thus concluded the proof of Theorem 0.1. 



4 Graphs and radius of convergence 

4.1. We recall from [2] that to the pair (2), 3) we can associate a subgraph r^^) of the 
profmitc graph Y, equipped with a continuous retraction r^^) : Y — > F^^y Notice that 
we are extending the graph T^ ^j of [2] to include the points of Z C Y(k) as vertices "at 
infinite distance" and the retraction T(gj.3) '■ Y ~ * ^(9).3) T (2),3)( z ) = z > f° r an y z €: Z. 
We do not exclude the case 3 = 0, and we sometimes write Taj : Y — > Tsg if this is the 
case. The fibers of the retraction T(m^> over points of Berkovich type 2 are the closures 
in Y of the maximal open disks contained in Y \ r^^). Any such maximal open disk 
E contains at least a fc-rational point x E Y(k); we define E =: D^^(x, 1~). As a k- 
analytic curve, Dhq^\(x, 1") is isomorphic to the standard open fc-disk in P, D(0, 1 _ ), via 
a (2J, 3) -normalized coordinate at x. Given any object (Ad, V) of MIC((Y \ Z)/k), and any 
.t G Y(fc) \ Z, we can define, as in [2], the (2), 3) -normalized radius of convergence of (Ad, V) 
at x, 72.(^3) (a;, (A4, V)), as the radius, measured in (2), 3)-normalized coordinate at ir, of 
the maximal open disk E centered at x and contained in Y \ r^ j), such that (£, V)|e is a 
free O^-modulc of finite rank, equipped with the trivial connection. 

4.2. We can also extend the definition of TZm ^ (x, (Ad, V)) to the case when x E Y \ Z is 
not necessarily fc-rational. In full generality, let K/k be a completely valued field extension, 
let Yk = Y®kK and let ir K / k : Yk — > Y, be the projection. Then there is a canonical 
functor change of field of constants by K/ k 



ir K/k : MIC((Y\Z)/k) -> MIC((Y K \Z)/K) 

(4.2.1) 

(M,V) -> 7r* K/k (M,V). 

So, let x E Y \ Z, not necessarily fc-rational. As in [2], we change the field of constants by 
Jif(x)/k, and pick (canonically) a Jf? (cc)-rational point x' E Y®kJF(x) above x. We then 
set 

(4.2.2) K iv3) (x,(M,V)) -^i^w^s^Wlt 1 ' 4w/i(^. v )) ■ 

This definition is compatible with any change of the field of constants by any K/k in the 
sense that, for any K/k and any y E Yk \ Z, 

(4.2.3) ft(g§ fc0 x., 3 8 fc .A:o)(»>^A(MV)) = TZ { ^ ) (w K/k (y),(M,W)) . 

The function x <— > 72(sg. 3) (x, (Ad, V)) is conjectured to be continuous on Y \ Z, for any 
(Ad, V) E MIC((F \ Z)/k). This conjecture was proven in [2] under the assumption that 
(Ai,V) E MIC(2j ; 3)(X(*Z)/fc), i.e. that Ad extends to a locally free coherent 0>j)-module 
and V has meromorphic singularities at Z. 
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4.3. Wc now explain the difference between our radius of convergence TZ^^(x, (A4, V)) 
and the intrinsic radius of convergence IR(Ai( X ),V) of 

(4.3.1) (M {x) , V) := (M, V) x Oy , x Jtf{x) , 

for x G y of Berkovich type 2 or 3, of Kedlaya [19, Dcf. 9.4.7]. Here Oy,x — k(x) is a valued 
field [4, 2.1], (M, V) x is a K(x)/fc-differcntial module and (Mr x \, V) is its completion. 1 Both 
definitions go back to Dwork and Robba; the latter was refined by Christol-Dwork and used 
by Christol-Mcbkhout and Andre. We will show that two notions coincide at the points 
x e r (S),3) \Z. 

4.4. Let us shortly review, in our own words, the definition of IR(M( X ), V), taken from [19, 
Chap. 9]. Let (F, \ \p)/(k, | ) be a complete extension field. Then (F, \ \p) is a fc-Banach 
algebra, and so is £&(F), for the operator norm. Similarly, on a finite dimensional F- vector 
space M, all norms compatible with | \p are equivalent and define equivalent structures of 
fc-Banach space on M. It will be understood in the following that any such M is given some 
norm of F- vector space, compatible with | \p, and then Ck{M) is given the corresponding 
operator norm. The definitions will be independent of the choices made. 

Under the previous assumptions £fc(F) (resp. Ck{M)) will be regarded as an F- vector 
space via the left action, (aL)(b) — aL(b), for a,b e F (resp. a G F, b G M) and L G Ck{F) 
(resp. C k (M)) . 

Definition 4.5. A complete differential field of dimension 1 over (k, | |) is a complete 
extension field (F, \ \p)/{k 1 \ \) such that the F-vector space Der(F/k) C Ck(F) of bounded 
k-linear derivations of F , is of dimension 1. A based complete differential field (of dimension 
1) over (k, \ |) is a triple (F, \ \f,9) where (F, | \p)/(k, |) is a complete extension field and 
0^9e Der(F/k). 

Example 4.6. A point xePof type 2 (resp. 3) is the point t a , P at the boundary of the 
open disk D(a,p~), for a G k and p > in \k\ (resp. in R\ |fc|). One defines [19, Def. 9.4.1] 
F a , P = Jt°(x), as the completion of k(T) under the absolute value 

f(T)^\f\a, p :=\f(ta, P )\. 

Let Ck{F a ^ p ) be the /c-Banach algebra of bounded fc-linear endomorphisms of the /c-Banach 
algebra F a<p , equipped with the operator norm. We still denote the operator norm by | \ a , P - 
Then extends by continuity to a ^-derivation of F atP , and 



(4.6.1) 




as an element of Ck(F a ^ p ). For the spectral norm of ^ G £k{F a , P ), we have 
(4-6.2) \A.\ spap=p -^T p -i . 

So, the pair (resp. the triple ) (^F a ^p^ | | tP ) (resp. (F aiP , | \ a . p , ^)) is a (resp. based) complete 
differential field of dimension 1 over (k, \ |). 

Remark 4.7. Let (F, \ \p) be a complete differential field of dimension 1 over (fc, | |). Then, 
for any F-basis d of Der(F/k) and for any n > 0, the F-vector subspace Diff n (F/k) C 
£k(F) of bounded fc-linear differential operators of F of order < n, is freely generated by 

id F ,d,...,d n . 

1 The reader should appreciate the difference between the operation (A4, V)) i-» {M( x )> V), resulting in 
a (a;)/fc-difEerential module, and the change of field of constants by Jf(x)/k, (M, V) M- n*^, ( X y k (-M, V), 
resulting in an object of MIC((Y^ ix) \ Z)/J47(x)). 
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Definition 4.8. A finite dimensional differential module over the complete differential field 

(F, | \p) (of dimension 1 over (k, | \)) is a pair (M, V) consisting of a finite dimensional 
F -vector space M and of a k-lincar bounded F-algebra homomorphism 

V:Diff(F/k)->£ k {M) , 

such that 

V(3)(om) = d{a)m + aV(d){m) , 

for any d G Der{F/k), a G F and m G M . If we specify a generator d of Der(F/k) and the 
corresponding A = V(d), we obtain the based finite dimensional differential module (M, A) 
over the based complete differential field (F, \ \f,9). 

Remark 4.9. Conversely, given a based finite dimensional differential module (M, A) over 
the based complete differential field (F,\ \f,9), one defines (M, V) by setting 

n n 
i=0 i=0 

for any n and any do, . . . , a n G F. It is clear that V is a bounded F-algebra homomorphism 

V :Diff{F/k)^C k {M) . 

Definition 4.10. Let (M, V(<9)) = (M, A) 6e a nonzero finite dimensional based differ- 
ential module over the based complete differential field (F,\ \f,9). The extrinsic radius of 
convergence of (M, A) is 

R(M,A)=p~^ IAI" 1 >0, 

where |A| sp is the spectral norm of A of the k-Banach algebra Ch(M). 

Definition 4.11. Let (M, V) be a finite dimensional differential module over the complete 
differential field (F, \ \p)- The intrinsic radius of convergence of (M, V) is 

IR{M,V) = R{M,V(d))p** \d\ sp = IdUAl,- 1 e (0,1] , 

for any non zero element d G Der(F/k). 

The following proposition explains why IR(M, V) deserves the attribute intrinsic. 

Proposition 4.12. For any n = 0, 1, . . . , let c„ e R >0 be the operator norm of the map of 
k-Banach spaces 

V„ = V\ Di ff»(F/k) ■ Diff n (F/k) -»• C k (M) . 

Then 

(4.12.1) LR(M, V) = liminf c^ 1/n . 

Proof. Essentially follows from [19, Prop. 6.3.1]. □ 

Corollary 4.13. Let (M,V) G MIC((Y \ Z)/k), as before. Let ( G Y be a point of 
Berkovich type 2. Let D be any open disk in Y with boundary point £, let T G Oy.c, be the 
germ of a normalized coordinate on D 

T : D £>(0,1 _ ) . 

For any r G (0,1) fl \k\, let C(0;r, 1) be as in (2.1.1). For r close to 1, we identify the 
restriction (Ai, V)ic*(0;r,i)> vm the choice of a basis of sections of M. in a neighborhood o/C 
containing C(0; r, 1), with a differential system E of the form 2.1.2. Then 

(4.13.1) IR(M {C) ,V) = i? Dcy (S) . 
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Remark 4.14. We chose a point £ of type 2, rather than allowing points of type 3 as well, 
only in order to avoid extending the field of definition k and to establish contact with the 
notation of (2.1.1). 

Remark 4.15. In formula 4.12.1, no formal semistable model 2) of Y explicitly appears. 
Such a (smooth) model is hidden, however, in the absolute value corresponding to the point 
x of type 2 or 3. As explained in corollary 4.13, the normalization of measures at x of type 
2 or 3 in this case varies with x and is obtained by taking as an open disk of radius 1, any 
open disk with boundary point x. 

4.16. The disadvantage of the function x i->- IR(Mm, V) which describes the intrinsic 
radius of convergence of M at x E Y of type 2 or 3, is that it cannot possibly be extended 
by continuity to Y \ Z. In fact, for any point x G Y(k) \ Z, one obviously has 

(4.16.1) lim IR(Mt x) ,W) = 1 , 

X— >Xo 

where the limit runs over the points x of type 2 or 3. But, Y(k) \ Z is dense in Y \ Z, so 
one would have R((M, V), x) = 1 identically on Y \ Z, which is obviously not always the 
case. The point in our definition of the function x n- 1Z(<y^(x, (M, V)) [2] is that 

1. it interpolates the classical notion of radius of convergence, normalized by the choice 

of (?), 3); 

2. it is compatible with extension of the ground field; 

3. it coincides on the graph rV^j) with the intrinsic radius of convergence 
(4.16.2) IR{M {X) ,V) =Kwa)(x,(M,V)) , if x G r (2J , 3) . 

The last property follows from remark 4.15. 
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